Elements of Probability

Probabilistic and Deterministic experiments

An experiment is any process which gives rise to data. Many experiments do not yield exactly the same result when performed repeatedly. For instance, if we toss a coin, we are not sure if we will get heads or tails; or if we throw a die, we have no way of knowing which of the six possible numbers will show up. Experiments of this type are called probabilistic, in contrast with deterministic experiments, whose outcome is always the same (of course, within experimental errors).

Probabilistic experiments are also termed ‘random’ or ‘stochastic’ (origin: Greek word stochos meaning aim or guess). 

Random Experiment

A random experiment may be defined as one in which the possible outcomes are known beforehand, but the particular outcome of an experiment is not known with certainty.

Sample Space

The set of all possible outcomes of a random experiment is called the sample space S of the experiment.

Thus, for the experiment of tossing a coin, the sample space is 

S = {Heads, Tails}

For the random experiment of throwing a die, the sample space is 



S = {1, 2, 3, 4, 5, 6}

For the random experiment of throwing two coins, the sample space is



S = {HH, HT, TH, TT}

A particular outcome of the experiment, i.e. a member of the sample space, is termed an elementary or simple event of the experiment.

Event

A subset of the sample space is termed an event of the random experiment.

Example:

Consider the random experiment of tossing a six-headed die twice and recording the numbers showing up.

The sample space consists of ordered pairs (a, b), where a, b can be 1, 2, 3, 4, 5 or 6. Thus the sample space contains 6x6 = 36 elements. In other words, n(S) = 36.

Let E1 be the event described by the statement, “the sum of the numbers showing up is 8”. Then E1 = {(2, 6), (3, 5), (4, 4), (5, 3), 6, 2)} and n(E1) = 5.

Similarly, if E2 is the event described by the statement, “the same numbers show up on both dice”. Then E2 = {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6)} and n(E2) = 6.

Sure and Impossible Events 

If A is the sample space of an experiment, then A itself is an event called the sure or certain event. The empty subset of A is called the impossible event.

Example: In throwing a die, consider the events described by the following statements.

E1 = {x | x (N and x <7} and E2 = {x | x >7}

Obviously E1 is a sure event and E2 is an impossible event.

Mutually Exclusive or disjoint Events

Two events are said to be mutually exclusive or disjoint if the occurrence of either prevents the occurrence of the other. Disjoint events have no common outcome.

Example: In tossing a coin, the event “getting a head” and the event “getting a tail” are mutually exclusive.

Similarly in throwing a die, “getting and even number” and “getting 5” are mutually exclusive events.

Independent Events

Two events are said to be independent if the occurrence or non-occurrence of one does not affect the other.

Example: Let a die be thrown twice. The events

E1 defined as “getting 6 in the first throw”, and 

E2 defined as “getting 3 in the second throw”, are independent events.

Exhaustive Events

Events whose union is the sample space of a random experiment are termed exhaustive events.

Example: In throwing a die, the events E1 and E2 described below are exhaustive.

E1: Getting a natural number below 5

E2” Getting x, such that x ( N and 2 < x < 7.

Equally Likely Outcomes

Outcomes are equally likely if they have the same probability of occurring.

Probability of an Event

The probability p(E) of an event E occurring within a sample space S is 

p(E) = number of equally likely outcomes in E / number of equally likely outcomes in S

       = n(E) / n(S)

The number p(E) indicates the likelihood that the event E will occur.

For every event E in the sample space of an experiment, 


0 ( p(E) ( 1.
If p(E) = 0, E is an impossible event and if p(E) = 1, a sure event.

The probability associated with an elementary event is called the elementary probability associated with it.

It is worth noting that elementary events are mutually exclusive and collectively exhaustive and hence their probabilities add up to unity.

The probability of non-occurrence of E is P((E  ) = 1 – P(E).

Example 1:

Suppose an experiment has a sample space A = {1,2,3,4,5,6} and that the elementary probabilities have been determined as follows.

p1 = 1/12; p2 = 1/12; p3 = 1/3; p4 = 1/6; p5 = ¼ and p6 = 1/12. (Do they add up to 1?)

Let E be the event, “the outcome is an even number”. Compute p(E).

Since E = {2, 4, 6}, p(E) = p2+p4+p6 = 1/12 + 1/6 + 1/12 = 1/3.

Example 2:

Choose four cards at random from a standard 52-card deck. What is the probability that four kings may be drawn

Ans:  p(E) = n(E) / n(S), where

n(E) = number of ways of selecting 4 kings = 1

n(S) = number of ways of selecting 4 cards = 52C4 = 270725.

Hence p(four kings) = 1/270725 = 3.694 x 10–6.

Example 3:

A box contains six red balls and four green balls. Four balls are selected at random from the box. What is the probability that two of these be red and two green?

Ans:  p(E) = n(E) / n(S), where

n(E) = number of ways of selecting 2R and 2G = 6C2 x 4C2 = 15x6 = 90

n(S) = number of ways of selecting 4 balls from ten = 10C4 = 210.

Hence p(2R&2G) = 90/210 = 3/7.

Example 4:

A fair six-sided die is tossed three times and the resulting sequence of numbers is recorded. What is the probability of the event E that either all the three numbers are equal or none of them is 4?

Ans:  p(E) = n(E) / n(S), where E = A ( B

A = {(1,1,1), (2,2,2), …, (6,6,6)} and hence n(A) = 6

B = {x: x is an ordered triplet not equal to (4,x,x) or (x,4,x) or (x,x,4)}. Hence n(B) = 5x5x5 = 125.

Also A(B = {(1,1,1), (2,2,2), (3,3,3), (5,5,5), (6,6,6)}. Thus n(A(B) = 5.

Therefore, n(E) = 6+125-5 = 126

n(S) = 6x6x6 = 216.

Hence p(E) = 126/216 = 7/12.

Example 5:

Consider again the experiment in example 3 in which four balls are selected at random from a box containing six red and four green balls. (a) If E is the event that no more than two of the balls are red, compute p(E); (b) if F is the event that no more than three of the balls are red, compute p(F).

Ans: n(E) = n(4G) + n(3G,1R) + n(2G,2R) = 1 + 4C3 6C1 + 4C2 6C2  = 1 + 24 + 90 = 115

n(F) = n(4G) + n(3G,1R) + n(2G,2R) + n(1G,3R) = 115 + 4C1 6C3 = 115 + 80 = 195

Also n(S) = 210.

Hence p(E) = 115/210 = 23/42 and p(F) = 195/210 = 13/14.

Odds in favour and odds against

Instead of saying that the chance of happening of an event E is m/n, we may also say that the odds in favour of E are m to n–m or that the odds against the event are n–m to m.

E.g. 1:

If two dice are thrown what are the odds against getting a sum of 7?

Ans: P(sum 7) = n(Sum 7)/n(S) = n({(1,6), (2,5), (3,4), (4,3), (5,2), (6,1)}) / 36 = 1/6. 

Hence odds in favour of getting a sum of 7 are 1 to 5, and the odds against are 5 to 1.

E.g. 2:

From a bag containing 4 white and 5 black balls, a man draws 3 balls at random. What are the odds against these being all black.

Ans: P(all black) = n(all black) / n(S) = 5C3 / 9C3 = 5/42.

Hence the odds in favour of all balls being black are 5:37 and odds against are 37:5.

Addition and Multiplication Rules of Probability

1. Addition Rule

If E1, E2, …., En are mutually exclusive events, then:

n(E1 ( E2 ( …. ( En) = n(E1) + n(E2) + … + n(En). 

Dividing by n(S), 

p(E1 or E2 or …. or En) = p(E1) + p(E2) + … + p(En).

If A and B are not mutually exclusive, then n(A(B) = n(A) + n(B) – n(A(B)

Dividing by n(S), we have: 

p(AorB) = p(A) + p(B) – p(A and B)

2. Multiplication Rule

If E1, E2, …., En are independent events, then:

p(E1 and E2 and …. and En) = p(E1) x p(E2) x … x p(En).

More examples

1. Find the probability of getting at least one 6 when two dice are thrown together

Let A = set of outcomes with 6 in the first throw, 

and B = set of outcomes with 6 in the second throw.

Then n(A) = 6, n(B) = 6 and n(A(B) = 1. Hence n(A(B) = 11. Also n(S) = 36.

Hence P(A or B) = 11/36.

2. If 7 coins are tossed, find the probability of obtaining: (a) no head (b) at least one head (c) at least 2 heads

a. P(no head) = n(no head) / n(S) = 1 / 27 = 1/128.

b. P(at least one head) = 1 – P(no head) = 1 – 1/128 = 127/128

c. P(at least 2 heads) = 1 – { p(nohead) + p(1head) }= 1 – 1/128 – 7C1 / 128 = 120/128

3. If a problem is given to A and B independently, the probabilities that each will solve it are 1/5 and 3/8 respectively. What is the probability that the problem will not be solved?

P(neither A nor B) = P(A’(B’) = P(A’) P(B’) = [1 – P(A)] [1 – P(B)] = 4/5 x5/8 = ½.

4. A box contains 10 bulbs, of which 3 are defective. If 2 bulbs are drawn at random, what is the probability that both are good?

P(good bulb) = n(good bulb) /n(S) = number of ways of drawing 2 good bulbs / number of drawing 2 bulbs = 7C2/10C2 = 7/15.

5. A die is rolled until a 4 shows. What is the probability that it will occur in the sixth trial.

P(4 in 6th trial) = P(not 4 in the first 5 trials and 4 in the sixth) 



      = P(not 4 in 1st) x P(not 4 in 2nd ) x ….x P(not 4 in 5th) x P(4 in the 6th) 

                        = (5/6)5 x 1/6 = 55 / 66.

Conditional Probability

Suppose we have 50 objects of which 15 are faulty. What is the probability that the second object selected is faulty given that the first object selected is fault-free?

This is a probability problem where the answer depends on the additional knowledge that the first selection was fault-free. Such a problem is said to involve conditional probability.

The conditional probability that event B occurs, given that event A has occurred is denoted by P(B/A) and is given by:



P(B/A) = P(A(B) / P(A), assuming that P(B) ( 0.

Hence, P(A(B) = P(A) P(B/A)

If B is independent of A, then P(B/A) = P(B).

Generalising, P(A(B(C(D) = P(A)   P(B/A)   P(C/AB)   P(D/ABC) and so on.

Example 1:

The probability that a product has no component faults is 0.8, the probability that it is assembled correctly is 0.9 and the probability that it is free from both component fault and assembled correctly is 0.7. Determine the probability that a component, free of faults, is then assembled correctly.

Ans: P(assembled correctly | free of faults) 

           = P(assembled correctly and free of faults) / P(free of faults) 

           = 0.7 / 0.8 = 0.875.

Example 2:

The probability that a product will have no faulty passive component is 0.8, the probability that it will have no faulty active component is 0.6 and the probability that it will have neither faulty passive nor faulty active component is 0.3. Determine the probability that a product that is selected and found to have no faulty active component will have no faulty passive component.

Ans: P(no faulty passive component | no faulty active component) 

         = P(no faulty passive component and no faulty active component) 

             / P(no faulty active component) = 0.3 / 0.6 = 0.5

Example 3:

A bag contains 100 balls, 40 of them black, 40 red and 20 white. If balls are drawn at random from the bag without replacement, what is the probability of drawing (a) a red ball (b) a red ball followed by a black ball (c) no white ball among the first three balls drawn.

(a). P(R) = 40/100 = 0.4

(b) P(R and then B) = P(R) P(B/R) = 0.4 x 40/99 = 0.162

(c) P(no white ball in the first three draws) = (80/100) x (79/99) x (78/98) = 0.508

Example 4:

If there is a 20% chance that the company will set up a new department and a 40% chance that you will be made the head of the new department, what is the probability that you will become the head of the department?

P(department and head) = P(department) x P(head | department) = 0.2 x 0.4 = 0.08

Example 5:

A production line is found to be producing products with 20% of them defective. What is the probability that two items in succession off the line are defective.

Ans: 20% x 20% = 4 % = 0.04. The events are independent.

Example 6:

If A and B are 2 events such that P(A or B) = 0.7; P(A) = 0.4; P(B) = x, find x such that (1) A and B are exclusive  (2) A and B are equally likely   (3) A and B are independent.

Ans: 

(1) If A and B are exclusive, then P(A or B) = P(A) + P(B). Hence P(B) = 0.3

(2) If A and B are equally likely, P(B) = P(A) = 0.4

(3) If A and B are independent, P(A and B) = P(A) P(B). 

Hence P(A or B) = P(A) + P(B) – P(A and B) gives 0.7 = 0.4 + x – 0.4x. Hence x = 0.5.

Example 7:

The odds in favour of an event A are 3:8 and odds against another event B are 7:5. Find the probability that at least one of them would happen if (a) A and B are exclusive (b) A and B are independent.

Ans: P(A) = 3/11 and P(B) = 5/12.

If the events are exclusive, P(A or B) = P(A) + P(B) = 3/11 + 5/12 = 91/132.

If the events are independent, P(A or B) = P(A) + P(B) – P(A and B) 

                                      = 3/11 + 5/12 – (3/11)(5/12) = 91/132 – 15/132 = 76/132 = 19/33

Example 8:

The odds against a certain event are 5 to 2 and the odds in favour of another independent event are 6 to 5. Find the probability that at least one of the events will happen.

Ans: P( A or B) = P(A) + P(B) – P(A and B) = 2/7 + 6/11 – (2/7)(6/11) = (22+42-12)/77 = 52/77.

Example 9:

In a loaded coin head occurs twice as often as tails. Find the probability of getting at least one head when it is tossed twice.

Ans: P(no H) = P(T) x P(T) = 1/3 x 1/3 = 1/9. Hence P(at least one H) = 1 – 1/9 = 8/9.

Example 10:

The probability that a bus leaves on time is 0.8 and the probability that a bus will leaves on time and arrives on time is 0.7. What is the probability that if you catch a bus that leaves on time, that it will arrive on time?

P(arrives on time | leaves on time) = P(leaves and arrives on time) / P(leaves on time) 

= 0.7/0.8 = 0.875.

